Introduction {#Sec1}
============

Genome rearrangements are events that modify genomes by inserting or removing large stretches of DNA sequences, or by changing the order and the orientation of genes inside genomes. A transposition \[[@CR1]\] is a rearrangement that swaps the position of two adjacent sequences of genes inside a genome. Another example of genome rearrangement is the reversal \[[@CR11]\], that reverses the order and the orientation of a sequence of genes.

We compute the **rearrangement distance** between two genomes by determining the minimum number of events that transform one into another. A **model** $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {M}$$\end{document}$ is a set of genome rearrangements that can be used to calculate the rearrangement distance.

Algorithms based on the rearrangement distance perform whole-genome comparison and may be used as a tool to infer phylogenetic relationships. The usual method fills a matrix of pairwise distances among genomes that is later used to generate phylogenetic trees \[[@CR2], [@CR12], [@CR14]\]. As for "classical" rearrangements, having a large spectrum of models globally helps better-understanding things.

While in practice it is likely rarely so, if genomes contain no repeated gene and share the same set of *n* genes, they can be represented as permutations. Without loss of generality, we consider that one of these genomes is the **identity permutation**, i.e., the sorted permutation $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\iota =({1} \; {2} \; \ldots {n})$$\end{document}$.

The Sorting by Rearrangements Problem thus consists in determining the shortest sequence of events from $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {M}$$\end{document}$ that sorts a permutation $\documentclass[12pt]{minimal}
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                \begin{document}$$\pi $$\end{document}$, i.e., that transforms it to $\documentclass[12pt]{minimal}
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                \begin{document}$$\iota $$\end{document}$. Sorting by Rearrangements has been extensively studied in the past. For instance, **Sorting by Transpositions** has been proved NP-hard \[[@CR6]\], while the best algorithm so far has an approximation factor of 1.375 \[[@CR8]\].

Representing genomes through their gene order (thus, by permutations) implies that information not contained directly in the genes is lost. In particular, in the case of intergenic regions, DNA sequences between the genes are not considered. Recently, some authors argued that incorporating intergenic regions sizes in the models changes the distance estimations, and actually improves them \[[@CR3], [@CR4]\]. It seems worth investigating models considering both gene order and intergenic sizes.

Results considering intergenic sizes for models with Double-Cut and Join (DCJ) and DCJs along with indels (i.e., insertions and deletions) are known: the former is NP-hard and it has a 4/3-approximation algorithm \[[@CR9]\], while the latter is polynomial \[[@CR7]\]. In addition to the approximation algorithm, the authors in \[[@CR7]\] also developed two exact algorithms: a fixed-parameter tractable algorithm and an integer linear programming formulation. Practical tests from \[[@CR7]\] showed that statistical properties of the inferred scenarios using intergenic regions are closer to the true ones than scenarios which do not use them.

Some results considering intergenic sizes with super short operations (i.e., a reversal or a transposition applied to one or two genes of the genome) are known \[[@CR13]\]. Using the concept of breakpoints, Brito et al. showed a 4-approximation algorithm (resp. 6-approximation algorithm) for sorting by reversals (resp. reversals and transpositions) when also considering intergenic regions on unsigned permutations \[[@CR5]\]. They also showed that both problems are NP-hard.

In this paper, we investigate the transposition distance between genomes that also takes into account intergenic regions, a problem we name **Sorting by Intergenic Transpositions (SbIT)**. Instead of using breakpoints, here we propose a modification of a known graph structure to represent both gene order and intergenic sizes in a single graph. We show that SbIT is NP-hard, and, with the help of this adapted graph structure, we design a 3.5-approximation algorithm.

This work is organized as follows. Section [2](#Sec2){ref-type="sec"} presents some definitions we extensively use throughout this paper. Section [3](#Sec3){ref-type="sec"} presents the graph structure we use to produce our approximation algorithm. Section [4](#Sec4){ref-type="sec"} contains a series of intermediate lemmas that support our algorithm. Section [5](#Sec5){ref-type="sec"} describes the 3.5-approximation algorithm for SbIT. Section [6](#Sec6){ref-type="sec"} concludes the paper.

Basic Definitions {#Sec2}
=================
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                \begin{document}$$\mathcal {G}$$\end{document}$ is a sequence of *n* genes denoted by $\documentclass[12pt]{minimal}
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                \begin{document}$$i \in [1..n]$$\end{document}$, in which two consecutive genes $\documentclass[12pt]{minimal}
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                \begin{document}$$j \in [2..n]$$\end{document}$, are separated by a noncoding region called intergenic region, denoted by $\documentclass[12pt]{minimal}
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                \begin{document}$$r_j$$\end{document}$ -- that are also present on its extremities ($\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {G} = r_1, g_1, r_2,g_2, \ldots , r_n, g_n,$$\end{document}$ $\documentclass[12pt]{minimal}
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Given two genomes of closely related species, for the simplifying purposes of our initial analysis, we expect they will share the same set of genes, which may appear in different orders due to genome rearrangements. Selective pressures tend to conserve genes and not intergenic regions \[[@CR3]\]. Therefore, genome rearrangements hardly cut inside genes, whereas cuts appear in intergenic regions.

Our model assumes that (i) no gene is duplicated in a genome and (ii) both genomes share the same set of genes. We assign unique integer numbers in the range \[1..*n*\] to each gene and represent them as a permutation. Therefore, the sequence of genes in a genome is modeled by a permutation $\documentclass[12pt]{minimal}
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                \begin{document}$$i \ne j$$\end{document}$.

We represent intergenic regions by their lengths instead of assigning unique identifiers to each of them, which would be pointless because rearrangements may split intergenic regions several times. The sequence of intergenic regions around *n* genes is represented as $\documentclass[12pt]{minimal}
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                \begin{document}$$\breve{\pi }_i \in \mathbb {N}$$\end{document}$. Intergenic region $\documentclass[12pt]{minimal}
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                \begin{document}$$\breve{\pi }_i$$\end{document}$ is on the left side of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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Our goal is to compute the distance between two genomes: $\documentclass[12pt]{minimal}
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                \begin{document}$$(\sigma , \breve{\sigma })$$\end{document}$. We may assign unique labels to genes arbitrarily, so we simplify the definition of our problem by setting $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma $$\end{document}$ as the identity permutation $\documentclass[12pt]{minimal}
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                \begin{document}$$\iota $$\end{document}$, such that $\documentclass[12pt]{minimal}
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                \begin{document}$$\breve{\sigma } = \breve{\iota }$$\end{document}$, which describes all the information we need to our problem. Therefore, an **instance** of our problem is composed by three elements $\documentclass[12pt]{minimal}
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                \begin{document}$$\sum _{i=1}^{n+1} \breve{\pi }_i = \sum _{i=1}^{n+1} \breve{\iota }_i$$\end{document}$, which guarantees that total intergenic region lengths are conserved.

An **intergenic transposition** is an operation $\documentclass[12pt]{minimal}
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                \begin{document}$$\{x,y,z\} \subset \mathbb {N}$$\end{document}$. An intergenic transposition acts on instances to generate new ones: $\documentclass[12pt]{minimal}
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                \begin{document}$$(\pi , \breve{\pi }, \breve{\iota }) \cdot \rho _{({x},{y},{z})}^{(i,j,k)} = (\pi ', \breve{\pi }', \breve{\iota })$$\end{document}$, where (i) $\documentclass[12pt]{minimal}
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Lemma 1 {#FPar1}
-------

Sorting by Intergenic Transpositions (SbIT) is NP-hard.

Proof {#FPar2}
-----

The Sorting by Transpositions problem (SbT) has already been proved NP-hard \[[@CR6]\]. An instance of this problem consists of a permutation $\documentclass[12pt]{minimal}
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From now on, we will refer to intergenic transposition as transposition only.

Weighted Cycle Graph {#Sec3}
====================

We adapted a graph structure called *breakpoint graph* \[[@CR1], [@CR10]\] to conveniently represent an instance $\documentclass[12pt]{minimal}
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The graph can be drawn in many arbitrary ways, but it is more convenient to place its vertices on a horizontal line in the same order as the elements of $\documentclass[12pt]{minimal}
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A cycle is **long** if it has 3 or more black edges; a cycle is **short** if it has 2 black edges; a cycle is **trivial** if it has 1 black edge; a cycle is **non-trivial** if it is either short or long. A non-trivial cycle $\documentclass[12pt]{minimal}
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Cycles can be either **balanced** or **unbalanced**. A cycle $\documentclass[12pt]{minimal}
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Note that Sorting by Intergenic Transpositions is more complicated than the Sorting by Transpositions because increasing the number of cycles is not sufficient - these cycles need to be balanced.
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Proof {#FPar5}
-----
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Theorem 5 {#FPar8}
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Proof {#FPar9}
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Preliminary Results {#Sec4}
===================

This section presents properties and lemmas to support the 3.5-approximation presented in Sect. [5](#Sec5){ref-type="sec"}.
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We follow by presenting several lemmas, that will later be combined to prove the correctness of our 3.5-approximation algorithm. Let us first present the ideas behind them. Due to space constraints, proofs of Lemmas [6](#FPar10){ref-type="sec"}--[13](#FPar17){ref-type="sec"} are omitted. However, it can be seen in Fig. [4](#Fig4){ref-type="fig"} how (and in which case) each of these lemmas is applied, as explained in detail right after the lemmas.

The next two lemmas deal with non-trivial negative cycles. Lemmas [6](#FPar10){ref-type="sec"} and [8](#FPar12){ref-type="sec"} show that it is always possible to increase balanced cycles by applying one transposition on negative cycles that are non-oriented and oriented, respectively.

Lemma 6 {#FPar10}
-------

Let *C* be a non-trivial non-oriented negative cycle. There is a transposition that increases the number of balanced cycles by one.

Lemma 7 {#FPar11}
-------
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Lemma 8 {#FPar12}
-------

Let *C* be an oriented long negative cycle. There is a transposition that increases the number of balanced cycles by 1 and the number of cycles by 2.

Now let us explain how to deal with trivial negative cycles. We use Lemma [9](#FPar13){ref-type="sec"} as an intermediary step to the correctness of Lemma [10](#FPar14){ref-type="sec"}, that shows how many transpositions are needed to transform trivial negative cycles into trivial balanced.

Lemma 9 {#FPar13}
-------
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Lemma 10 {#FPar14}
--------

Let *G* be a weighted cycle graph in which all negative cycles are trivial. Then, there are two transpositions that increase the number of balanced cycles by 2.

The next three lemmas dealing with non-trivial balanced cycles. Lemmas [11](#FPar15){ref-type="sec"}, [12](#FPar16){ref-type="sec"} and [13](#FPar17){ref-type="sec"} show that it is possible to increase balanced cycles by applying transpositions on oriented long balanced cycles, non-oriented long balanced cycles, and short balanced cycles, respectively.

Lemma 11 {#FPar15}
--------

Let *C* be an oriented long balanced cycle. Then it is possible to increase the number of balanced cycles by two after at most three transpositions.

Lemma 12 {#FPar16}
--------

Let *C* be a non-oriented long balanced cycle in a graph with no oriented cycles. It is possible to increase the number of balanced cycles by four after at most seven transpositions.

Lemma 13 {#FPar17}
--------

Let *G* be a graph with no long cycles such that all cycles are balanced. If *G* has short cycles it is possible to increase the number of balanced cycles by two after two transpositions.

Fig. 4.Black egdes are drawn as horizontal lines, and their labels are on the top of the figure. Gray edges are drawn as arcs. **(a)--(g)** shows a sequence of intergenic transpositions that sorts the instance $\documentclass[12pt]{minimal}
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The 3.5-Approximation Algorithm {#Sec5}
===============================

Algorithm 1 focuses on applying transpositions that increase the number of balanced cycles, following a sequence of steps using Lemmas [6](#FPar10){ref-type="sec"}, [8](#FPar12){ref-type="sec"}, [10](#FPar14){ref-type="sec"}, [11](#FPar15){ref-type="sec"}, [12](#FPar16){ref-type="sec"}, and [13](#FPar17){ref-type="sec"}.

Let us briefly show the correctness of Algorithm 1, i.e., it stops and reaches $\documentclass[12pt]{minimal}
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                \begin{document}$$(\pi ,\breve{\pi },\breve{\iota }) \ne (\iota , \breve{\iota }, \breve{\iota })$$\end{document}$ we have that one of the following must be true: (i) there is an oriented cycle. in this scenario we break this cycle if it is balanced or negative on lines 5 and 7; (ii) there is a negative cycle (considering that they are not oriented): we create balanced cycles if it is non-oriented or trivial on lines 9 and 11; and (iii) cycles are all balanced, and there is no oriented cycles. If there is a long cycle we break it at line 13, and we break short cycles at line 15.

Note that we did not care about the positive oriented cycles: they become either balanced or negative before the algorithm uses (iii), and will be handled in (i) at some point. If the algorithm reaches (iii) then all cycles are balanced since any negative cycle is handled by (i) and (ii).

Concerning the complexity of Algorithm 1, the loop of lines 2--17 iterates up to $\documentclass[12pt]{minimal}
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Now let us discuss about the approximation factor Algorithm 1 guarantees. Note that some of the steps of the algorithm require more than one transposition, so the approximation factor will be computed as follows:

Definition 14 {#FPar18}
-------------
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The following lemma shows that each step of Algorithm 1 guarantees an approximation factor of 3.5 or less, which leads to the 3.5-approximation algorithm we propose.

Lemma 15 {#FPar19}
--------

Algorithm 1 has an approximation factor of 3.5.

Proof {#FPar20}
-----

We use the formula from Definition [14](#FPar18){ref-type="sec"} to calculate the approximation factor of each step.
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Conclusion {#Sec6}
==========

We adapted the breakpoint graph to represent both gene order and intergenic sizes, and investigated properties of this new graph structure during a sorting process. As a result, we were able to design an approximation algorithm for the Sorting by Intergenic Transpositions. We also show that this problem is NP-Hard.

As future works, one can explore a problem where the probability of an intergenic region being affected by transpositions is related to its size, i.e., when genome rearrangements are more likely to cut the genome on bigger intergenic regions. One can also investigate the use of reversals and transpositions on signed permutations along with intergenic regions.
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